Abstract. We prove that the length of the shortest identity in a finite simple group of Lie type of rank r defined over F q is bounded (from above and below) by explicit polynomials in q and r.
Introduction
Let F y be the free group on a countable number of generators and let w be a nontrivial reduced word in F y on k generators, say w ¼ wðx 1 ; . . . ; x k Þ. Given a group G we say that w is an identity, or a law, for G, if wðg 1 ; . . . ; g k Þ ¼ 1 for every ðg 1 ; . . . ; g k Þ A G k . We denote by aðGÞ the length of the shortest identity of the group G (on any number of generators).
Let F q be the finite field with q elements, where q ¼ p m is a prime power, and let G be a finite simple group of Lie type over F q of rank r. Here, if G is untwisted, r is the rank of the ambient simple algebraic group, while we define r for the twisted groups as follows (see [3, §13.1] and also [7 The main result of this paper is the following: Theorem 1. Let G be a finite simple group of Lie type over F q of rank r. Then the length of the shortest identity of G satisfies q Ã ðGÞ r=4 À 1 3 c aðGÞ < ð31r þ 2Þ 3 q 31r :
Furthermore, we give an explicit construction of an identity of length less than the upper bound.
In the case of G ¼ A d ðqÞ ¼ PSL dþ1 ðqÞ we give a more precise statement, and then deduce Theorem 1 from this special case. Indeed, we prove the following: Furthermore, we give an explicit construction of an identity of length less than the upper bound.
In particular, Theorem 2 improves a result of Gamburd et al. [6, Proposition 11 ] which states that aðSL 2 ðpÞÞ d cp=ðlog pÞ for some constant c.
The proof of Theorem 1 is based on the fact that if G is a finite simple group of Lie type over F q (with the exception of a Suzuki group) then there exists positive integers c 1 and c 2 , which depend only on the type and the rank of G, such that
Now since an identity of a group is inherited by its subgroups, we observe that Theorem 1 follows from Theorem 2. Remark 1.1. Suppose that a group G is a central extension of a group Z by H. If a word 1 0 wðx 1 ; . . . ; x k Þ A F y is an identity of H then clearly the word ½w; x kþ1 A F y is an identity of G. Furthermore, if 1 0 wðx 1 ; . . . ; x k Þ A F y is an identity of G then it is an identity of H. Therefore we obtain similar results for quasisimple groups.
Let F k be the free group on k generators x 1 ; . . . ; x k . Given a word wðx 1 ; . . . ; x k Þ A F k we define lðwÞ to be the length of w. Let w A F k nf1g be an identity for a finite group G and let S ¼ fg 1 ; . . . ; g k g H G. Then starting at any vertex in the Cayley graph CayðG; SÞ, the walk wðg 1 ; . . . ; g k Þ is a closed walk of length lðwÞ. Hence in some sense, aðGÞ is a universal girth of the Cayley graphs of the group.
Recently there has been great interest in the study of word maps in finite simple groups and in algebraic groups (see [10] , [11] , [17] , [19] ). Let w ¼ wðx 1 ; . . . ; x k Þ be a non-trivial word in F k , where k d 1, and let G be a group. We define
The next result follows immediately from Theorem 1 (since the hypothesis on lðwÞ implies that wðGÞ is a non-trivial normal subgroup of G). [3, Chapter 13] ). For further details about the structure and construction of finite simple groups of Lie type, we refer the reader to the book of Carter [3] (see also [7] ).
Previous work
A variety of groups is a class of groups that satisfy a given set of laws (see [15, Chapter 1] ). By Birkho¤ 's theorem [2] each variety B is defined by a suitable set of words B J F y , that is, B consists of all the groups G such that wðg 1 ; . . . ; g k Þ ¼ 1 for each word wðx 1 ; . . . ; x k Þ A B and for each set of elements g 1 ; . . . ; g k A G. For example the law
defines the variety of abelian groups.
In the language of varieties, the main aim of this paper is to study the length of the shortest law in the variety generated by all the laws in a finite simple group of Lie type.
In the 1960s, many papers were written on varieties of groups, mainly concerned with their qualitative properties. In the book [15] , Hanna Neumann asked ([15, p. 166]) whether there is a law which is satisfied in an infinite number of non-isomorphic non-abelian finite simple groups. Jones [8] gave a negative answer to this question, but his proof gives no explicit bound on the length of the shortest identity in each family of finite simple groups of Lie type (except for the case of Suzuki groups). Our work can be thought of as a quantitative version of Jones's results.
A basis for a variety B is a set of laws such that its closure is B (for the definition of 'closure', see [15, Chapter 1] ). Oates and Powell in [18] proved that every variety generated by a finite group has a finite basis. It is clear that if we know a basis for the variety generated by the laws in a given group G, then the minimum length of a law in this basis is an upper bound for the shortest identity of the group.
Explicit bases have been given for the variety generated by a finite non-abelian simple group in a few cases. Cossey and Macdonald [4] gave a finite basis for the set of laws in PSL 2 ð5Þ, and this was extended in [5] to PSL 2 ðp n Þ with p n c 11. Southcott [20] , [21] gave a basis for the family PSL 2 ð2 n Þ, but the length of each element in his basis is greater than the upper bound of the shortest identity in Theorem 2.
Let X be any infinite set of groups. A group G is said to be residually X, if for every non-trivial g A G there exists an epimorphism j from G to some H A X such that jðgÞ 0 1.
Suppose that the free group on k generators F k is residually X, and for a given group H A X we can determine the maximal length of a non-trivial word w in F k such that there exists an epimorphism j from F k to H with jðwÞ 0 1. Then this gives a lower bound on the length of the shortest identity (on k generators) in H.
W. Magnus [14, p. 309 ] raised the following related problem: Let X be any infinite set of non-abelian finite simple groups. Is the free group F k on k d 1 generators residually X?
Weigel [23] , [24] , [25] gave a complete answer to this question. From his proof, we can conclude that in the case of a classical simple group G over F q where q ¼ p m is a prime power, the length of the shortest identity (on two generators) is at least p, and for the exceptional groups E 6 ðqÞ, E 7 ðqÞ, E 8 ðqÞ, G 2 ðqÞ, F 4 ðqÞ and the twisted groups 3 D 4 ðqÞ, 2 E 6 ðqÞ, 2 F 4 ðqÞ, the length of the shortest identity (on two generators) is at least log q. Weigel's work involves 'identities' on two generators (and their inverses) of the group; in this paper we consider identities on any number of elements of the group (not necessarily generators).
3 Proof of Theorem 2 3.1 The upper bound. In this section we give an explicit construction of an identity for the group SL n ðqÞ and this gives the upper bound stated in Theorem 2. This construction is based on the exponent of the group. The following proposition follows from [1, Lemma 2.3], but we include a proof for completeness.
Lemma 3.1. Let q ¼ p f where p is a prime. Then the exponent of SL n ðqÞ is
where e is the minimal positive integer such that p e d n.
Proof. Let x A GL n ðqÞ be a non-trivial element. Write x ¼ x s Á x u in Jordan form, where x u A GL n ðqÞ is unipotent, x s A GL n ðqÞ is diagonalizable over a splitting field F q r (with r c n) and ½x s ; x u ¼ 1. Here ordðx u Þ is a power of p, while ordðx s Þ is coprime to p. 
Then it is easy to check that p e is the exponent of the group of upper unitriangular matrices in GL n ðqÞ, and there exists a unipotent matrix in GL n ðqÞ with this order.
For SL n ðqÞ all the above holds except for the fact that the maximal order of an element in SL n ðqÞ is ðq n À 1Þ=ðq À 1Þ and not q n À 1 as in GL n ðqÞ. r and if m is even set
For bm=2c þ 2 c i c k, set u i ¼ ½x 1 ; x iþ1 . Let j ¼ 2 e for some positive integer e c blog 2 mc, and define a recursive function f in the following way: f ðu 1 ; . . . ; u 2 eÀ1 ; . . . ; u j Þ ¼ ½ f ðu 1 ; . . . ; u 2 eÀ1 Þ; f ðu 2 eÀ1 þ1 ; . . . ; u j Þ and f ðu i ; u iþ1 Þ ¼ ½u i ; u iþ1 .
Let w ¼ f ðu 1 ; . . . ; u k Þ: It is clear that w is a non-trivial word in F kþ1 (since we have a new letter x jþ1 in each u j , which appears only in u j ). To show that w is an identity of G it is enough to note that x and x y have the same order, hence at least one of the commutators in the expression for w collapses and hence so does the whole word. If g satisfies the first word, then it also satisfies X ðq n À1Þ=ðqÀ1Þ since it has distinct eigenvalues in the splitting field F q n , hence it is diagonalizable over F q n . Since q i À 1 divides q 2i À 1 for all i, every g A G satisfies at least one of the following words (ordered by decreasing length): It is easy to see that if w is an identity in the group G then w is also an identity for every quotient of G. Hence the identity that we construct in Proposition 3.4 holds for A nÀ1 ðqÞ ¼ PSL n ðqÞ, and this gives the upper bound in Theorem 2.
The lower bound
Lemma 3.5. Let G be a finite group and w an identity of G. If lðwÞ < expðGÞ, then lðwÞ is even.
Proof. Let w ¼ wðx 1 ; . . . ; x k Þ be an identity in G on k elements. If lðwÞ is odd, then for some i with 1 c i c k the sum of the exponents of x i appearing in w is odd. Hence if we set x j ¼ 1 for all j 0 i, we get a power word of length less than expðGÞ, a contradiction. r
We start with the case A 1 ðqÞ ¼ PSL 2 ðqÞ. Proof. If q is even then PSL 2 ðqÞ ¼ SL 2 ðqÞ. If q is odd then PSL 2 ðqÞ is isomorphic to SL 2 ðqÞ=Z 2 . In any case, if w A F k is an identity of PSL 2 ðqÞ, then it is immediate that w 2 is an identity of SL 2 ðqÞ. So it is enough to prove that the length of the shortest identity of SL 2 ðqÞ is at least 2 3 ðq À 1Þ. Let
where t A F q and l A F Ã q . From the Bruhat decomposition for SL 2 ðqÞ, every element g A SL 2 ðqÞ has a unique expression in one of the following forms (see [ 
Suppose that w ¼ wðx 1 ; . . . ; x k Þ is a non-trivial reduced word in F k of length l which is an identity of SL 2 ðqÞ. Since we are interested in deriving a lower bound, we may assume that l is less than expðSL 2 ðqÞÞ (see Lemma 3.1), so l is even by Lemma 3.5.
Let
be a set of independent commuting indeterminates over F q , and let
Then X i and Y i are matrices with entries in F q ½M and it is immediate to verify that the entries of
are polynomials of degree at most 2 in the variables in M.
Let n i be the sum of the moduli of the exponents of x i appearing in w (for example if w ¼ x 1 x 2 x À1 1 x À1 2 then n 1 ¼ n 2 ¼ 2) and let I 2 be the identity matrix in SL 2 ðqÞ. For any Z i A fX i ; Y i g, the matrix
where b i ðX i Þ ¼ l i and bðY i Þ ¼ g i , has entries in F q ½M having degree at most 2n i in each of the variables a i , b i , c i , l i , g i . Now there are two cases to consider:
Case (i). For all the substitutions of Z i by X i or Y i we have CðZ 1 ; . . . ; Z k Þ ¼ 0.
Case (ii). There is a substitution ðZ 1 ; . . . ; Z k Þ such that CðZ 1 ; . . . ; Z k Þ 0 0.
First let us consider Case (i). Let K be the algebraic closure of F q . Since for every substitution CðZ 1 ; . . . ; Z k Þ is zero, we deduce that w is a law on SL 2 ðKÞ. For every n A N, SL 2 ðKÞ has a subgroup isomorphic to SL 2 ðq n Þ, hence we obtain a law for the infinite family fSL 2 ðq n Þg y n¼1 . But the main theorem of Jones [8] states that there is no law which is satisfied by an infinite family of non-abelian finite simple groups, a contradiction. Now let us consider Case (ii). Let ðZ 1 ; . . . ; Z k Þ be a substitution such that the word wðZ 1 ; . . . ; Z k Þ À I 2 is not zero. Decompose wðZ 1 ; . . . ; Z k Þ as a product of two words:
where w 1 ðZ 1 ; . . . ; Z k Þ is a word of length 1 2 l (recall that l is even). Let T be the matrix
Then there is an entry T i; j for some i, j with 1 c i; j c 2, which is not formally zero. Let M 1 J M be the set of indeterminates appearing in T i; j . Then T i; j is a polynomial in jM 1 j variables of degree at most
(see [12, Theorem 6.13] ). Therefore T i; j has at most
It is easy to see that A 1 ðq n Þ ¼ PSL 2 ðq n Þ is a subgroup of A 2nÀ1 ðqÞ ¼ PSL 2n ðqÞ (this follows because a 2-dimensional vector space over F q n can be considered as a 2n-dimensional vector space over F q ). Thus we obtain the following result: 2nþ1 Þ contain A 1 ð3 2nþ1 Þ and A 1 ð3 2nþ1 Þ respectively; see [13] , [22] . The following lemma for Suzuki groups is a quantitative version of a result of Jones.
The upper bound.
In this final section we show that there exists a constant c such that every finite simple group of Lie type over F q of rank r is isomorphic to a subgroup of PSL cr ðqÞ or SL cr ðqÞ, and so the desired upper bound follows from Proposition 3.4.
Each finite simple group of Lie type can be constructed (see [3, Chapter 4] ) as a subgroup of the automorphism group of the corresponding Lie algebra. In the following table we give the dimension of the Lie algebra g in terms of the untwisted Lie rank. 
